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Abstract
Bo¨ro¨czky configurations of lines have been recently considered in connection
with the problem of the containment between symbolic and ordinary powers of
ideals. Here we describe parameter families of Bo¨ro¨czky configurations of 13,
14, 16, 18 and 24 lines and investigate rational points of these parameter spaces.
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1 Introduction
Bo¨ro¨czky configurations were originally introduced in connection with the orchard
problem. These configurations were described by Bo¨ro¨czky but the results were never
published, see Crowe and McKee ([2]) who study these configurations in relation to
the celebrated Sylvester-Gallai Theorem. The same setting appears in [8] and [9]
where configurations with large number of ordinary lines are considered.
The interest was recently renewed with reference to the containment problem
studied in commutative algebra. The containment relations between symbolic and
ordinary powers of homogeneous ideals have been a quite popular direction of re-
search in algebraic geometry. Let us recall that for a homogeneous ideal I in
K[PN ] = K[x0, . . . , xN ] the m-th symbolic power of I is defined as
I(m) = K[PN ] ∩
⋂
Q∈Ass(I)
(Im)Q,
where the intersection is taken over the associated primes of I. The Zariski-Nagata
theorem says that if K is algebraically closed and if I is radical then
I(m) =
{
f ∈ I :
∂|α|f
∂xαi
= 0 on the zeros of I, |α| < m
}
.
In 2001–2002 it was proved (in [6] in characteristic 0 and in [11] in finite charac-
teristic) that the containment
I(m) ⊂ Ir
always holds for m > N · r, where N is the dimension of the ambient space. On the
other hand, it is easy to show an example of the non-containment
I(2) * I2.
2Thus, a natural question arised: does always the containment
I(3) ⊂ I2 (1)
hold for an ideal of points on the projective plane? The question is connected with
a more general problem, namely, can the power Nr in the containment I(Nr) ⊂
Ir be made smaller? It turned out that in general it is not the case. The first
counterexample for containment (1) was given by Dumnicki, Szemberg and Tutaj-
Gasin´ska in [5]. From then on, in short time there appeared further counterexamples
(see details in [13]), all based on some configurations of lines over the complex
numbers. However the problem was still open over the reals.
The first real counterexample (i.e., a counterexample where the coordinates of
all points are real numbers) comes from [3]. It is also based on a configuration
of lines, namely the Bo¨ro¨czky configuration of 12 lines. In [10] Harbourne and
Seceleanu constructed some new examples in P2, but in finite characteristic. Finally,
the first rational counterexample, which is a modification of the original Bo¨ro¨czky
configuration of 12 lines, is studied by Dumnicki, Harbourne, Nagel, Seceleanu,
Szemberg, and Tutaj-Gasin´ska in [4].
In recent paper [12] Lampa-Baczyn´ska and Szpond describe in details this ra-
tional counterexample, denoted there by B12 (here we will use the notation with
lower index Bn for the modifications, and the notation Bn for the original Bo¨ro¨czky
configuration). They also show that no configurations B15 of 15 lines can be defined
over the rational numbers.
Now the set of triple points of the configurations B12 is not the only known
rational counterexample to the containment (1), another one is considered by the
authors in [7].
Bo¨ro¨czky configurations are proved to be counterexamples for the containment (1)
for n ∈ {12, 13 . . . 24} lines, moreover we believe that for higher values of n it should
also be the case but a computer-aided proof does not finish. It is a natural ques-
tion to investigate other Bo¨ro¨czky configurations to check if there are more rational
counterexamples among them.
In this paper we investigate the families of Bo¨ro¨czky configurations B13, B14, B16,
B18, B24 consisting of respectively 13, 14, 16, 18 and 24 lines, and find parameter
spaces for these families. Thus we complete the study of Bo¨ro¨czky configurations for
previously “missing” values of 13 and 14 lines, moreover we discuss the consecutive
case of 16 line, and cases of 18 and 24 lines (the number 18 has the same prime num-
bers as factors as 12, and 24 is a multiple of 12). In each case this parameter space is a
curve, denoted by C13, C14, C16, C18, C24 respectively. For C13, C14, C16, C18 we have
checked that these curves have no rational points which give non-degenerate con-
figurations. For C24 the problem is open (however, the computations with Magma
suggest that there are no such rational points).
The paper is organized as follows. The second Section presents the original
Bo¨ro¨czky construction. The third Section contains a detailed description of the
method of finding C13, as well as the description of the degenerations of B13 for
some points on C13. The fourth Section presents the results obtained for B14,B16,
B18 and B24. In each case we describe the way of finding the parametrization curve
Cn and what is known about its rational points. We finish the paper with some
remarks and open problems.
32 Original Bo¨ro¨czky construction
The Bo¨ro¨czky configurations Bn were described in Example 2 of [8]. Following this
example we present here the construction.
Consider a 2n-gon inscribed in a circle. Let us fix one of the 2n points and
denote it by Q0. By Qα we denote the point arising by the rotation of Q0 around
the center of a circle by the angle α. Then we take the following set of lines
Bn =
{
QαQpi−2α,where α =
2kpi
n
for k = 0, . . . , n− 1
}
.
If α ≡ (pi − 2α)(mod 2pi) then the line QαQpi−2α is the tangent to the circle at the
point Qα. The configuration Bn has
⌊n(n−3)
6
⌋
+ 1 triple points.
Q0
Figure 1. The 13 lines of Bo¨ro¨czky.
3 Case B13
3.1 Construction of B13
The configurations Bn are the modifications of the original construction of Bo¨ro¨czky
on n lines preserving the incidences of Bn.
The original Bo¨ro¨czky construction of B13 uses trigonometric functions and is
based on vertices of a regular 26-gon. The core of the construction of B13 is the set
of four general points on the projective plane and five lines joining certain pairs of
these points. Since any two lines on the projective plane are projectively equivalent
we may choose our points arbitrarily. To simplify the calculations we take four
standard points, i.e.,
P1 = (1 : 0 : 0), P2 = (0 : 1 : 0), P3 = (0 : 0 : 1), P4 = (1 : 1 : 1).
4Then we take the following lines
P1P4 : z − y = 0, P1P2 : z = 0, P1P3 : y = 0,
P2P4 : z − x = 0, P3P4 : y − x = 0.
It gives us the coordinates of intersection points
P5 = P3P4 ∩ P1P2 = (1 : 1 : 0) and P6 = P1P3 ∩ P2P4 = (1 : 0 : 1).
From now on we need to introduce a parameter. We choose a point P7 ∈ P1P4,
distinct from all previous points. We may write its coordinates as
P7 = (a : 1 : 1),
where a 6= 1. Hence we obtain the following equations of lines
P3P7 : ay − x = 0, P2P7 : x− az = 0.
In the next step we take the following points (and from now on we add the as-
sumption that a 6= 0 which guarantees that the points are distinct from the already
chosen ones).
P8 = P3P7 ∩ P1P2 = (a : 1 : 0),
P9 = P2P7 ∩ P1P3 = (a : 0 : 1),
P10 = P3P4 ∩ P2P7 = (a : a : 1),
P11 = P3P7 ∩ P2P4 = (a : 1 : a).
Now we choose an additional point P12 ∈ P1P4 distinct from all points from P1 to
P11. Its coordinates are
P12 = (b : 1 : 1),
where b 6= 1 and b 6= a. The next two lines of our construction are
P12P8 : −x+ ay + (b− a)z = 0 and P12P9 : x+ (a− b)y − az = 0.
This gives us the following points
P13 = P12P8 ∩ P2P4 = (a : a− b+ 1 : a),
P14 = P12P9 ∩ P3P4 = (a : a : a− b+ 1),
P15 = P1P2 ∩ P12P9 = (b− a : 1 : 0),
P16 = P12P8 ∩ P1P3 = (b− a : 0 : 1).
The last four lines of the construction are
P10P15 : x− (b− a)y + (ab− a
2 − a)z = 0,
P16P11 : x+ (ab− a
2 − a)y − (b− a)z = 0,
P13P5 : −ax+ ay + (b− 1)z = 0,
P6P14 : −ax+ (b− 1)y + az = 0.
Finally we obtain the remaining triple points
P17 = P1P4 ∩ P10P15 ∩ P11P = (a
2 + b− ab : 1 : 1),
P18 = P12P8 ∩ P10P15 ∩ P6P14
= (b2 − a2 − b+ a− ab : ab− a2 − a : −a2 + b− 1),
P19 = P2P7 ∩ P6P14 ∩ P11P = (a− ab : a− a
2 : 1− b),
P20 = P12P9 ∩ P13P5 ∩ P11P
= (b2 − a2 − b+ a− ab : −a2 + b− 1 : ab− a2 − a),
P21 = P13P5 ∩ P10P15 ∩ P3P7 = (a− ab : a− a
2 : 1− b),
P22 = P1P4 ∩ P13P5 ∩ P6P14 = (a+ b− 1 : a : a).
5It is easy to check (computing a suitable determinant) that points P17 and P22
are always the common points of given three lines, independently of the values of a
and b. Situation is more complicated for points P18, P19, P20 and P21. These points
are triple only if parameters a and b satisfy the additional condition:
C13(a, b) : a
4 − a3b+ a2b− a2 + b2 − 2ab+ 2a− b = 0.
This condition is necessary for the construction to terminate successfully, in the
sense that we obtain exactly 22 triple points on 13 lines, lying in groups: of six
points on one of the lines and of five points on each of the remaining 12 lines, as in
the original Bo¨ro¨czky configuration B13.
3.2 Degenerate cases of B13
In this section we check under what conditions the configuration B13 in non-degene-
rate, in the sense that all points and lines appearing in the construction are distinct.
Due to the choice of points P7 and P12 we are working with the assumptions a 6= 0,
a 6= 1, a 6= b and b 6= 1. These conditions force that the chosen points P7 and P12
are distinct from the four points starting the construction and P7 6= P12. There is
also the prevail condition over any others, guaranteeing that construction contains
exactly 22 triple points, namely
C13(a, b) : a
4 − a3b+ a2b− a2 + b2 − 2ab+ 2a− b = 0. (2)
In spite of the above conditions, by comparing the equations of lines and coordi-
nates of all our points, we obtain new terms, saying when some of points and lines
overlap.
i) if a − b+ 1 = 0 then P4 = P17, P5 = P14 = P15 = P20 = P10 and P6 = P13 =
P18 = P16 = P11,
ii) if 2a− b = 0 then P8 = 0, P9 = P16, P11 = P20 = P13 and P12 = P18 = P14,
iii) if a2−ab+2a−b = 0 then P10P15 = P16P11 (thus P10, P15, P16, P11 are collinear
points),
iv) if a2 − b+ 1 = 0 then P8 = P18 and P9 = P20,
v) if a2 − a− b+ 1 = 0 then P7 = P14 = P21 = P22 = P19,
vi) if a3 − a2b+ ab− a− b+ 1 = 0 then P17 = P22,
vii) if a3 − 2ab+ 2a+ b2 − a2 − b = 0 then P21 = P20 and P18 = P19.
Together with main condition (2) it gives us
i) −a(a− 1) = 0
ii) −a2(a− 1)2 = 0
iii) − a
3
(a+1)2 = 0
iv) −a2(a− 1)3 = 0
v) −a(a− 1)4 = 0
6vi) a
2(a−1)3
(a2−a+1)2 = 0
vii) a2(a− 1)(a− b) = 0
It is easy to see, that all cases give us solutions which contradict with permitted
values of coefficients a and b. Thus, if only a 6= 0, a 6= 1, a 6= b and b 6= 1, then the
construction always consists of 13 distinct lines, which give the 22 triple intersection
points (provided that C13(a, b) = 0).
3.3 Parameter space of configurations B13
The parametrizing curve
C13(a, b) : a
4 − a3b+ a2b− a2 + b2 − 2ab+ 2a− b = 0
is an irreducible curve of degree 4 with one double point. This may be checked by
hand or with the help of a computer. Thus, the geometrical genus of C13 is 2. The
curve may be written as
b2 + b(−1− 2a+ a2 − a3) + a4 − a2 + 2a = 0.
Substituting b by b− −1−2a+a
2−a3
2 and then b by
b
2 we get the curve
D13 : 1− 4a+ 6a
2 − 2a3 + a4 − 2a5 + a6 − b2 = 0.
We will denote the homogenization of D13 also by D13. Using computer algebra
programme Magma [1], it may be computed that the Jacobian of D13 has rank 0,
thus Chabauty’s method may be applied here (cf. e.g. [Poonen]). We obtain all
rational points of D13, namely
(1 : −1 : 0), (1 : 1 : 0), (0 : 1 : 1), (0 : −1 : 1), (1 : 1 : 1), (1 : −1 : 1).
These points correspond to the set of all rational points on C13 (with perhaps
second coordinate changed). However, points having a = 1 or a = 0 are excluded
by the construction. Thus all possibilities lead us to the degenerated cases. Thus
we have the following
Corollary 3.1. The configuration B13 cannot be realized over the rational numbers.
4 Construction of B14, B16, B18 and B24
For configurations B14, B16, B18 and B24 we present simplified descriptions of con-
struction in tables. We omit the coordinates of points and the equations of lines of
the configurations, because of their complicated forms. We only give the coordinates
of points being the core of each construction and coordinates of points taken during
the construction as parameters. We distinguish these special points using bold type
font. Enough motivated reader may reconstruct the construction step by step and
find remaining coordinates and equations of lines if necessary.
The idea of the construction is the same in all considered cases: we start with
four fundamental points and some of the lines through them, and then we choose
two points (parameters) on one of the already constructed lines. This input allows
to construct the configurations.
74.1 Case of B14
The construction of B14 is based on four standard points on the projective plane.
We introduce here two parameters a and b such that a 6= 1, b 6= 1 and a 6= b. The
construction runs in the following way
step 1 P1 = (1 : 0 : 0), B = (0 : 1 : 0), P3 = (0 : 0 : 1), P4 = (1 : 1 : 1)
step 2 lines: P1P2, P1P3, P1P4, P2P3, P2P4, P3P4
step 3 P5 = P1P2 ∩ P3P4, P6 = P1P3 ∩ P2P4, P7 = (a : 1 : 1) ∈ P1P4
step 4 lines: P5P7, P6P7
step 5
P8 = P2P4 ∩ P5P7, P9 = P3P4 ∩ P6P7, P10 = P1P2 ∩ P6P7,
P11 = P1P3 ∩ P5P7, P12 = P2P3 ∩ P5P7, P13 = P2P3 ∩ P6P7,
P14 = (b : 1 : 1) ∈ P1P4
step 6 lines: P10P14, P11P14
step 7
P15 = P5P7 ∩ P10P14, P16 = P3P4 ∩ P10P14, P17 = P2P4 ∩ P10P14,
P18 = P2P3 ∩ P10P14, P19 = P6P7 ∩ P11P14, P20 = P2P4 ∩ P11P14,
P21 = P3P4 ∩ P11P14, P22 = P2P3 ∩ P11P14
step 8 lines: P15P20, P16P19, P17P22, P18P21
step 9
P23 = P1P4 ∩ P15P20, P24 = P1P3 ∩ P15P20, P25 = P1P2 ∩ P16P19,
P26 = P17P22 ∩ P18P21
There exist some points, which are not always triple, namely P9, P12, P13, P24
and P26. The conditions to have them triple (i.e., to assure additional incidences)
are
P9 ∈ P3P4 ∩ P6P7 ∩ P17P22,
P12 ∈ P2P3 ∩ P5P7 ∩ P16P19,
P13 ∈ P2P3 ∩ P6P7 ∩ P15P20,
P24 ∈ P1P3 ∩ P18P21 ∩ P15P20,
P26 ∈ P1P4 ∩ P18P21 ∩ P17P22,
what implies the following algebraic conditions for parameters a and b:
• 2a− 3a2 + a3 + ab− b2 = 0,
• (−2 + a)(2a− 3a2 + a3 + ab− b2) = 0,
• (−2 + 2a− b)(−1 + b)(2a − 3a2 + a3 + ab− b2) = 0.
Thus the curve parametrizing the configurations B14 is the curve
C14(a, b) : 2a− 3a
2 + a3 + ab− b2 = 0.
4.1.1 Parameter space of configurations B14
We now take a closer look at the curve parametrizing the configurations B14, i.e.,
C14(a, b) : 2a− 3a
2 + a3 + ab− b2 = 0.
Its geometric genus is 1. By substituting a 7→ a/4, b 7→ (a+ b)/4 we get
D14 : b
2 = a3 − 11a2 + 32a = 0.
The curve D14 has the following rational points:
(0, 0), (4,−4), (4, 4), (8,−8), (8, 8).
8Thus, C14 has on the projective plane the following rational points
(0 : 0 : 1), (1 : 1 : 1), (1 : 0 : 1), (2 : 2 : 1), (2 : 0 : 1), (0 : 1 : 0).
Each of them leads us to a degenerated case hence no B14 configuration can be
obtained over the rational numbers.
4.2 Case of B16
The core of configuration B16 are four general points. We need two parameters a
and b such that a 6= 1, a 6= 0, b 6= 0, b 6= 1 and a 6= b. We present the construction
step by step.
step 1 P1 = (1 : 0 : 0), P2 = (0 : 1 : 0), P3 = (0 : 0 : 1), P4 = (1 : 1 : 1)
step 2 lines: P1P4, P2P4, P3P4
step 3 P5 = (a : 1 : 1) ∈ P1P4
step 4 lines: P2P5, P3P5
step 5 P6 = P2P4 ∩ P3P5, P7 = P3P4 ∩ P2P5
step 6 lines: P1P6, P1P7
step 7
P8 = P3P5 ∩ P1P7, P9 = P2P4 ∩ P1P7, P10 = P1P6 ∩ P2P5,
P11 = P3P4 ∩ P1P6
step 8 line P9P11
step 9 P12 = P9P11 ∩ P1P5, P13 = P9P11 ∩ P2P5, P14 = (b : 1 : 1) ∈ P1P4
step 10 lines: P2P14, P3P14
step 11
P15 = P3P14 ∩ P1P6, P16 = P3P14 ∩ P9P11, P17 = P3P14 ∩ P1P7,
P18 = P2P14 ∩ P3P4, P19 = P2P14 ∩ P1P6, P20 = P2P14 ∩ P9P11
P21 = P2P14 ∩ P1P7, P22 = P2P4 ∩ P3P14
step 12 lines: P8P20, P10P16, P12P19, P13P17, P15P18, P21P22
step 13
P23 = P3P14 ∩ P8P20, P24 = P15P18 ∩ P13P17, P25 = P13P17 ∩ P8P20,
P26 = P13P17 ∩ P1P4, P27 = P2P4 ∩ P15P18, P28 = P10P16 ∩ P13P17,
P29 = P2P4 ∩ P10P16, P30 = P2P5 ∩ P12P19, P31 = P10P16 ∩ P3P4,
P32 = P1P4 ∩ P15P18, P33 = P1P6 ∩ P8P20, P34 = P1P7 ∩ P10P16,
P35 = P1P4 ∩ P10P16
There exist some points, which are not always triple, namely P23, P24, P25, P28, P30,
P33 and P34. The conditions to have them triple are
P23 = P3P14 ∩ P8P20 ∩ P12P19,
P24 = P3P6 ∩ P13P17 ∩ P15P18,
P25 = P2P4 ∩ P8P20 ∩ P15P18,
P28 = P2P14 ∩ P10P16 ∩ P13P17,
P30 = P2P5 ∩ P12P19 ∩ P21P22,
P33 = P1P6 ∩ P8P20 ∩ P21P22,
P34 = P1P7 ∩ P10P16 ∩ P15P18.
It implies the condition for a and b
C16(a, b) := a
4b2 − 2a3b− 2a2b2 + a2b+ 2ab2 − b3 + a2 + 2b2 − 2b.
4.2.1 Parameter space of configurations B16
The parametrizing curve is
C16(a, b) : a
4b2 − 2a3b− 2a2b2 + a2b+ 2ab2 − b3 + a2 + 2b2 − 2b = 0.
9Computations with Magma returned genus of C16 = 2. This curve is hyperelliptic
and its Jacobian J has rank 0 (RankBound(J)= 0, as computed by Magma). Thus,
Chabauty’s method may be applied and Magma computes that the rational points
on C16 are:
(1 : 1 : 1), (0 : 1 : 0), (0 : 0 : 1), (1 : 0 : 0),
(−2 : −2 : 1), (−1 : 1 : 1), (−1 : −1 : 1).
All these points give degenerated configurations.
4.3 Case of B18
The construction of B18 is also based on four standard points on the projective plane.
It also depends of parameters a and b satisfying the conditions a 6= 1, b 6= 1 and
a 6= b.
step 1 P1 = (1 : 0 : 0), P2 = (0 : 1 : 0), P3 = (0 : 0 : 1), P4 = (1 : 1 : 1)
step 2 lines: P1P4, P2P4, P3P4
step 3 P5 = (a : 1 : 1) ∈ P1P4
step 4 lines: P2P5, P3P5
step 5 P6 = P2P4 ∩ P3P5, P7 = P3P4 ∩ P2P5
step 6 P8 = (b : 1 : 1) ∈ P1P4
step 7 lines: P6P8, P7P8
step 8
P9 = P2P5 ∩ P6P8, P10 = P3P5 ∩ P7P8, P11 = P3P4 ∩ P6P8,
P12 = P2P4 ∩ P7P8
step 9 line P1P9, P1P10
step 10
P13 = P3P4 ∩ P1P9, P14 = P2P4 ∩ P1P10, P15 = P1P10 ∩ P6P8,
P16 = P1P9 ∩ P7P8, P17 = P2P4 ∩ P1P9, P18 = P3P4 ∩ P1P10
step 11 lines: P13P15, P14P16
step 12
P19 = P2P4 ∩ P13P15, P20 = P3P4 ∩ P14P15, P21 = P2P5 ∩ P13P15,
P22 = P3P5 ∩ P14P16, P23 = P1P4 ∩ P13P15, P24 = P7P10 ∩ P13P15
P25 = P6P9 ∩ P14P16
step 13 lines: P17P21, P18P22, P19P20
step 14
P26 = P17P21 ∩ P1P4, P27 = P3P5 ∩ P17P21, P28 = P18P22 ∩ P2P5,
P29 = P19P20 ∩ P17P21, P30 = P19P20 ∩ P18P22, P31 = P3P4 ∩ P17P21,
P32 = P2P4 ∩ P18P22, P33 = P1P10 ∩ P17P21, P34 = P1P9 ∩ P18P22,
P35 = P17P21 ∩ P14P16, P36 = P18P22 ∩ P13P15, P37 = P19P20 ∩ P1P9,
P38 = P19P20 ∩ P1P10, P39 = P3P5 ∩ P11P20, P40 = P2P5 ∩ P19P20
step 15 lines: P2P24, P3P25, P11P27, P12P28
step 16
P41 = P2P24 ∩ P1P10, P42 = P3P25 ∩ P1P9, P43 = P1P4 ∩ P11P27,
P44 = P2P24 ∩ P6P8, P45 = P3P25 ∩ P7P8, P46 = P1P4 ∩ P2P24
We obtain 46 triple intersection points. Here there also exist some points which
are not necessarily triple. The conditions to have them triple are:
P29 = P6P8 ∩ P17P21 ∩ P19P20,
P30 = P7P8 ∩ P18P22 ∩ P19P20,
P31 = P2P24 ∩ P3P4 ∩ P17P21,
P32 = P2P4 ∩ P3P25 ∩ P18P22,
P35 = P11P27 ∩ P12P28 ∩ P14P16,
P36 = P11P27 ∩ P13P15 ∩ P18P22,
P37 = P1P9 ∩ P11P27 ∩ P19P20,
P38 = P1P10 ∩ P12P28 ∩ P19P20,
P39 = P2P24 ∩ P3P5 ∩ P19P20,
P40 = P2P5 ∩ P3P25 ∩ P19P20,
P44 = P2P24 ∩ P6P8 ∩ P12P28,
P45 = P3P25 ∩ P7P8 ∩ P11P27.
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They imply several algebraic conditions for parameters a and b but only one
of them does not lead to a degenerated case. This condition provides us the
parametrization curve of the B18 configurations
C18(a, b) :=a
3b5 − a5b2 + a4b3 − 6a3b4 + a2b5 + a6 + a4b2 + 12a3b3 − 4a2b4−
5a5 + 7a4b− 22a3b2 + 11a2b3 − ab4 + 6a4 − a3b+ 3a2b2 − 4ab3+
b4 − 4a3 + 4a2b− ab2.
4.3.1 Parameter space of configurations B18
Computations with Magma returned genus of
C18(a, b) :=a
3b5 − a5b2 + a4b3 − 6a3b4 + a2b5 + a6 + a4b2 + 12a3b3 − 4a2b4−
5a5 + 7a4b− 22a3b2 + 11a2b3 − ab4 + 6a4 − a3b+ 3a2b2 − 4ab3+
b4 − 4a3 + 4a2b− ab2
is equal to 2 again. This curve is hyperelliptic and its Jacobian J has again rank 0.
Thus, Chabauty’s method may be applied and Magma computes the rational points
on C18:
(1 : 1 : 1), (0 : 1 : 0), (0 : 0 : 1), (1 : 0 : 0).
All these points give a degenerated configuration.
4.4 Construction of B24
We start the construction with taking four standard points. Then we introduce the
parameters a and b, such that a 6= 1, a 6= 0, b 6= 1 and a 6= b and we have
11
step 1 P1 = (1 : 0 : 0), P2 = (0 : 1 : 0), P3 = (0 : 0 : 1), P4 = (1 : 1 : 1)
step 2 lines: P1P4, P2P4, P3P4
step 3 P5 = (a : 1 : 1) ∈ P1P4
step 4 lines: P2P5, P3P5
step 5 P6 = P2P4 ∩ P3P5, P7 = P2P5 ∩ P3P4
step 6 lines: P1P6, P1P7
step 7 P8 = P1P6 ∩ P3P4, P9 = P1P7 ∩ P2P4
step 8 lines: P2P8, P3P9
step 9
P10 = P1P4 ∩ P3P9, P11 = P2P5 ∩ P3P9, P12 = P2P8 ∩ P3P5,
P13 = P1P6 ∩ P2P5, P14 = P1P7 ∩ P3P5, P15 = P1P6 ∩ P3P9,
P16 = P1P7 ∩ P2P8
step 10 P17 = (b : 1 : 1) ∈ P1P4
step 11 lines: P11P17, P12P17
step 12
P18 = P3P9 ∩ P12P17, P19 = P2P8 ∩ P11P17, P20 = P1P7 ∩ P11P17,
P21 = P1P6 ∩ P12P17, P22 = P3P4 ∩ P12P17, P23 = P2P4 ∩ P11P17,
P24 = P2P5 ∩ P12P17, P25 = P3P5 ∩ P11P17, P26 = P3P4 ∩ P11P17,
P27 = P2P4 ∩ P12P17
step 13 lines: P12P22, P22P23
step 14
P28 = P4P9 ∩ P22P23, P29 = P12P17 ∩ P22P23, P30 = P2P5 ∩ P22P23,
P31 = P3P4 ∩ P22P23, P32 = P1P45 ∩ P22P23, P33 = P1P6 ∩ P22P23,
P34 = P1P7 ∩ P15P22, P35 = P2P4 ∩ P15P22, P36 = P3P5 ∩ P15P22,
P37 = P11P17 ∩ P15P22, P38 = P2P8 ∩ P15P22
step 15 lines: P24P28, P25P38
step 16
P39 = P1P4 ∩ P24P28, P40 = P2P4 ∩ P24P28, P41 = P1P7 ∩ P24P28,
P42 = P2P8 ∩ P24P28, P43 = P3P4 ∩ P24P28, P44 = P15P22 ∩ P24P28,
P45 = P1P6 ∩ P24P28, P46 = P3P5 ∩ P24P28, P47 = P2P5 ∩ P25P38,
P48 = P1P7 ∩ P25P38, P49 = P22P23 ∩ P25P38, P50 = P2P4 ∩ P25P38,
P51 = P3P9 ∩ P25P38, P52 = P1P6 ∩ P25P38, P53 = P3P4 ∩ P25P38
step 17 lines: P30P53, P36P40
step 18
P54 = P3P9 ∩ P36P40, P55 = P2P5 ∩ P36P40, P56 = P2P8 ∩ P36P40,
P57 = P12P17 ∩ P36P40, P58 = P1P4 ∩ P36P40, P59 = P3P4 ∩ P36P40,
P60 = P25P38 ∩ P36P40, P61 = P1P6 ∩ P36P40, P62 = P1P7 ∩ P30P53,
P63 = P24P28 ∩ P30P53, P64 = P2P4 ∩ P30P53, P65 = P11P17 ∩ P30P53,
P66 = P3P9 ∩ P30P53, P67 = P3P5 ∩ P30P53, P68 = P2P8 ∩ P30P53
step 19 lines: P42P54, P51P68
step 20
P69 = P2P4 ∩ P42P54, P70 = P15P22 ∩ P42P54, P71 = P1P6 ∩ P42P54,
P72 = P1P4 ∩ P42P54, P73 = P3P5 ∩ P42P54, P74 = P2P5 ∩ P51P68,
P75 = P1P7 ∩ P51P68, P76 = P22P23 ∩ P51P68, P77 = P3P4 ∩ P51P68
step 21 lines: P26P66, P27P56
step 22
P78 = P11P17 ∩ P27P56, P79 = P3P5 ∩ P27P56, P80 = P1P4 ∩ P27P56,
P81 = P2P5 ∩ P26P66, P82 = P12P17 ∩ P26P66
step 23 lines: P18P65, P19P57
step 24 P83 = P3P9 ∩ P19P57, P84 = P2P8 ∩ P18P65, P85 = P18P65 ∩ P19P57
step 25 line: P41P52
In this case we obtain 85 triple intersection points and, as previously, some points
are not necessarily triple. The conditions to have them triple are:
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P29 = P12P17 ∩ P22P23 ∩ P42P54,
P33 = P1P6 ∩ P18P65 ∩ P22P23,
P34 = P1P7 ∩ P15P22 ∩ P19P57,
P37 = P11P17 ∩ P15P22 ∩ P51P68,
P43 = P3P4 ∩ P19P57 ∩ P24P28,
P44 = P15P22 ∩ P18P65 ∩ P24P28,
P46 = P3P5 ∩ P24P28 ∩ P51P68,
P47 = P2P5 ∩ P25P38 ∩ P42P54,
P49 = P22P23 ∩ P19P57 ∩ P25P38,
P50 = P2P4 ∩ P18P65 ∩ P25P38,
P55 = P2P5 ∩ P36P40 ∩ P41P52,
P59 = P3P4 ∩ P18P65 ∩ P36P40,
P60 = P25P38 ∩ P26P66 ∩ P36P40,
P61 = P1P6 ∩ P36P40 ∩ P51P68,
P62 = P1P7 ∩ P30P53 ∩ P42P54,
P63 = P24P28 ∩ P27P56 ∩ P30P53,
P64 = P2P4 ∩ P19P57 ∩ P30P53,
P67 = P3P5 ∩ P30P53 ∩ P41P52,
P69 = P2P4 ∩ P41P52 ∩ P42P54,
P71 = P1P6 ∩ P19P57 ∩ P42P54,
P73 = P3P5 ∩ P18P65 ∩ P42P54,
P74 = P2P5 ∩ P19P57 ∩ P51P68,
P75 = P1P7 ∩ P18P65 ∩ P51P68,
P76 = P22P23 ∩ P26P66 ∩ P51P68,
P77 = P3P4 ∩ P41P52 ∩ P51P68,
P78 = P11P17 ∩ P27P56 ∩ P41P52,
P79 = P3P5 ∩ P19P57 ∩ P27P56,
P81 = P2P5 ∩ P18P65 ∩ P26P66,
P82 = P12P17 ∩ P26P66 ∩ P41P52,
P83 = P3P9 ∩ P19P57 ∩ P41P52,
P84 = P2P8 ∩ P18P65 ∩ P41P52.
Removing the factors which lead to the degenerated cases we are left with the
equation
C24(a, b) :=a
8b3 + a7b3 + a6b4 − 6a7b2 + 3a6b3 − 6a6b2 − 2a5b3 + 10a6b−
6a5b2 − 2a4b3 − a6 + 12a5b+ 3a4b2 − 2a3b3 − 6a5 + 3a4b+
6a3b2 − a2b3 − 3a4 − 13a3b+ 9a2b2 − ab3 + 4a3 − 12a2b+
6ab2 − b3 + 5a2 − 3ab+ 2a− b = 0.
This condition is necessary for the construction to terminate successfully in the
sense that we obtain exactly 85 triple points on 24 lines satisfying the combinatorial
properties of the original Bo¨ro¨czky configuration of 24 lines.
4.4.1 Parameter space of configurations B24
The parametrizing curve
C24(a, b) :=a
8b3 + a7b3 + a6b4 − 6a7b2 + 3a6b3 − 6a6b2 − 2a5b3 + 10a6b−
6a5b2 − 2a4b3 − a6 + 12a5b+ 3a4b2 − 2a3b3 − 6a5 + 3a4b+
6a3b2 − a2b3 − 3a4 − 13a3b+ 9a2b2 − ab3 + 4a3 − 12a2b+
6ab2 − b3 + 5a2 − 3ab+ 2a− b = 0
is a curve of genus 5. Therefore, there are no general methods to determine all the
rational points of C24. The only rational points of height up to 10
5 are
(1 : 1 : 1), (0 : 1 : 0), (0 : 0 : 1), (1 : 0 : 0), (−1 : −1 : 1).
Simple but tiresome calculations confirm that all of these points lead to a degenera-
ted configuration, however we were not able to prove that the construction cannot
be made over the rational numbers.
5 Conclusions
We finish the paper presenting some open problems which we hope to investigate in
the future.
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Problem 5.1. Is the configuration B12 the only rational counterexample to the
containment I(3) ⊂ I2 among Bo¨ro¨czky configurations?
Problem 5.2. Can we proceed with the construction of a parameter curve of Bn
for any n? Can we say something more about the parameter curves? Can another
choice of points as parameters give a “nicer” (easier to investigate) curve Cn?
And finally
Problem 5.3. Prove that all Bn configurations for n > 12 give counterexamples to
the containment I(3) ⊂ I2.
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